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RIGIDITY RESULTS FOR WREATH
PRODUCT II1 FACTORS
ADRIAN IOANA
Abstract. We consider II1 factors of the form M =
⊗
G
N ⋊G, where either i) N is a
non-hyperfinite II1 factor and G is an ICC amenable group or ii) N is a weakly rigid II1
factor and G is ICC group and where G acts on
⊗
G
N by Bernoulli shifts. We prove that
isomorphism of two such factors implies cocycle conjugacy of the corresponding Bernoulli
shift actions. In particular, the groups acting are isomorphic. As a consequence, we can
distinguish between certain classes of group von Neumann algebras associated to wreath
product groups.
0. Introduction.
In recent years, Popa’s deformation vs rigidity approach to the classification of von
Neumann algebras has led to a series of striking results ([Po1,2,3,5,6]). Following his
terminology, a von Neumann subalgebra Q of a finite von Neumann algebra N is
called relatively rigid if any deformation of idN by subunital, subtracial, completely
positive maps {φn}n converges uniformly to idN on the unit ball of Q ([Po1]). In
the case of algebras N which admit many deformations, Popa’s strategy is to use
these deformations in combination with the relative rigidity of Q. This in turn gives
information about the subalgebra Q, which, ideally, reduces the study of the single
algebra N to that of the inclusion Q ⊂ N .
A class of von Neumann algebras to which this philosophy has been successfully
applied is that of crossed products associated to classical or non-commutative Bernoulli
shift actions ([Po2],[Po3],[Po5]). In general, if (B, τ) is a finite von Neumann algebra
(referred to as the base) and G is a countable discrete group then the action σ : G →
Aut(
⊗
GB) given by σg(⊗hxh) = ⊗hxg−1h, for all g ∈ G is called the (B, τ)-Bernoulli
G-action. By analogy with the group case, we denote by B ≀ G the crossed product
(
⊗
GB)⋊σ G and we call it the wreath product of N by G.
Assume now that the base (B, τ) is an abelian von Neumann algebra L∞(X, µ), or
the hyperfinite II1 factor R, in which case we call the (B, τ)-Bernoulli actions classi-
cal, respectively non-commutative. Popa showed that such actions feature a powerful
deformation property called malleability. In the case of a Bernoulli action of G on
M =
⊗
GB, this amounts to the existence of a continuous action θ of R on M˜ =M⊗M
such that θ1(M ⊗ 1) = 1 ⊗M and θt commutes with the double action σ˜ = σ ⊗ σ,
for any t ∈ R ([Po2],[Po5]). Using the malleability property in connection with de-
formation/rigidity arguments, Popa proved that if Q ⊂ M ⋊σ G is a relatively rigid
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2von Neumann subalgebra whose normalizer generates a factor, then Q can be unitarily
conjugated into L(G) ([Po2]).
Turning to Bernoulli actions with the base (B, τ) an arbitrary finite von Neumann
algebra, one can ask whether Popa’s result on detecting relatively rigid subalgebras of
the associated wreath products still holds true. To answer this question we observe
that although, in general, such actions are not malleable, they do satisfy a weaker
deformation property, which we call weak malleability. More precisely, we let M˜ =⊗
G[B ∗ L(Z)], σ˜ be the Bernoulli G-action on M˜ and θt ∈ Aut(M˜) be defined by
θt = ⊗g∈G(Ad(ut)), where ut = exp(t log(u)) for some Haar unitary u ∈ L(Z) and
for any t ∈ R. Using these deformations and relying heavily on Popa’s intertwining
bimodule techniques ([Po2]) we prove the following dichotomy (Theorem 0.1.) for
relatively rigid subalgebras of wreath product von Neumann algebras. Note that θt
commutes with σ˜ for any t ∈ R and that θ1(M) ⊥ M . However, since θ1(M) and M
do not ”boundedly” generate M˜ , the proof is more involved than in the malleable case,
treated in [Po2] and [Po5], being closer in spirit to the proof of 6.1. in [Po5] and of the
main result in [IPP].
Theorem 0.1. Let (B, τ) be a finite von Neumann algebra and G be a countable
discrete group. Denote M = B ≀ G and suppose that Q ⊂ M is a relatively rigid
diffuse von Neumann subalgebra. If the normalizer of Q generates a factor P , then
either we can find a unitary u ∈ M such that uQu∗ ⊂ uPu∗ ⊂ L(G) or a corner of
Q embedds into
⊗
FB, for a finite set F ⊂ G. Moreover, in the second case, if we
assume that B is a factor, then we can find u ∈ U(M) such that uQu∗ ⊂
⊗
FB and
uPu∗ ⊂
∑
g∈K(
⊗
GB)ug for some finite set K ⊂ G.
Rigidity properties for wreath product groups and von Neumann algebras have also
been studied by Martin and Vallette ([MV]) and Hayashi.
Recall that a II1 factor N is called weakly rigid if it has a diffuse, relatively rigid,
regular von Neumann subalgebra. Natural examples of weakly rigid factors are provided
by group von Neumann algebras, L(H), associated to ICC weakly rigid groups H, i.e.
groups which have an infinite, normal subgroups H0 such that the pair (H,H0) has
relative property (T) of Kazhdan-Margulis.
Corollary 0.2. Let N,P be two weakly rigid II1 factors and G,H be two countable
discrete groups. If θ : N ≀G→ (P ≀H)t is an isomorphism for some t > 0, then we can
find u ∈ U((P ≀H)t) such that θ(
⊗
GN) = u(
⊗
HP )
tu∗. In particular, G ≃ H.
On the other hand, if we assume the group G to be weakly rigid, then using methods
from [Po5] we can show that any generalized 1-cocycle associated to any Bernoulli
G-action is cohomologous to a character of G. In turn, combining this result with
Corollary 0.2. we can provide a new class of II1 factors with trivial fundamental group.
The existence of such factors has been an open problem for a long time, until settled
in the breakthrough work of Popa ([Po1]).
3Corollary 0.3. Let N be a weakly rigid II1 factor and G be a discrete group having
an infinite relatively rigid subgroup. Then F(N ≀G) = {1}.
In the second part of this paper we exploit a rigidity phenomenon coming from
central sequences to prove the statement of Corollary 0.2. for wreath products N ≀ G
with G amenable and N a non-hyperfinite II1 factor. A first observation is that by
Connes’s characterization of injectivity ([Co1]), N is a non-hyperfinite II1 factor iff all
central sequences in N ≀ G assimptotically lie in
⊗
GN . On the other hand, since G
is amenable, we can use Ornstein-Weiss’ Rokhlin lemma ([OW]) to construct many
central sequences in N ≀G.
Theorem 0.4. Let N be a II1 factor, let G be an infinite discrete group and denote
M = N ≀G. Let ω be a free ultrafilter on N.
(i) If N is non-hyperfinite, then N ′ ∩Mω ⊂ (
⊗
GN)
ω.
(ii) Assume that G is amenable and that Q ⊂ M is a regular von Neumann sublal-
gebra such that M ′ ∩Mω ⊂ Qω. Then a corner of
⊗
GN embedds into Q.
Corollary 0.5. Let N,P be two non-hyperfinite II1 factors and G,H be two countable
discrete groups, one of them amenable. If θ : N ≀G → P ≀H is an isomorphism, then
we can find u ∈ U(P ≀H) such that θ(
⊗
GN) =
⊗
HP . In particular, G ≃ H.
This paper is organized as follows: in section 1 we review Popa’s techniques for conju-
gating subalgebras of a finite von Neumann algebra and we derive several consequences.
Section 2 is devoted to defining the notion of weak malleability and to discussing con-
sistency and examples: we prove that it indeed generalizes Popa’s malleability (Propo-
sition 2.2.) and that arbitrary Bernoulli shift actions are weakly malleable (Proposition
2.3.).
In section 3, we first prove a general statement (Theorem 3.3.) asserting that rigid
subalgebras of a crossed product N⋊σG coming from a weakly malleable action σ must
have a corner which embedds either into the core N or into the group algebra L(G).
Furthermore, if σ is a Bernoulli shift action, then we can make this statement more
precise, thereby proving Theorem 0.4. The proofs of the above mentioned vanishing
cohomology result (Corollary 4.3.) and of Corollaries 0.2. and 0.3. are the subject of
section 4.
Section 5 deals with central sequences in wreath product factors and uses a result of
Jones ([Jo1]) to conclude part (i) of Theorem 0.4 (Corollary 5.4.). In the last section
we complete the proof of Theorem 0.4. and then we derive Corollary 0.5.
1. Technical results.
We begin this section by reviewing Popa’s intertwining bimodule techniques.
Theorem 1.1 ([Po2]). Let (M, τ) be a finite von Neumann algebra and let Q,B ⊂M
two von Neumann subalgebras. Consider the following conditions:
4(i) There exists a ∈ Q′∩ < M, eB >, a ≥ 0, a 6= 0, T r(a) ≤ ∞.
(ii) There exist non-zero projections p ∈ P(B), q ∈ P(Q), an unital homomorphism
ψ of qQq into pBp and non-zero partial isometry v ∈ M such that vv∗ ∈ (qQq)′ ∩
qMq, v∗v ∈ ψ(qQq)′ ∩ pMp and xv = vψ(x), ∀x ∈ qQq.
(iii) For all a1, a2, .., an ∈M , ε > 0, there exists u ∈ U(Q) such that ||EB(aiua∗j )||2 ≤
ε, ∀i, j = 1, ., n.
(iii)’ For any group U ⊂ U(Q) such that U ′′ = Q and for all a1, a2, .., an ∈M , ε > 0,
there exists u ∈ U such that ||EB(aiua∗j )||2 ≤ ε, ∀i, j = 1, ., n.
Then (i)⇐⇒ (ii)⇐⇒ non(iii)⇐⇒ non(iii)’.
If condition (ii) in the above theorem holds true we say that ”a corner of Q embedds
into B inside M”. For most applications we will use Popa’s theorem to prove (ii) and
to do this we will reason by contradiction, assuming that (iii)(or (iii)′) holds true.
Next, we note a few corollaries.
Corollary 1.2. Let (M, τ) be a finite von Neumann algebra and let Q1, Q2, B ⊂M be
von Neumann subalgebras such that Q1 is generated by unitaries which normalize Q2
(e.g. if [Q1, Q2] = 0). Let ε1, ε2 > 0, with ε1 + ε2 < 1 and assume that either
(i) Qi ⊂εi B, ∀i ∈ {1, 2} or
(ii) B ⊂ M is regular (i.e. NM (B)′′ = M) and there exist finite dimensional left
Hilbert B-modules Hi ⊂ L2(M) such that Qi ⊂εi Hi.
Then a corner of Q = (Q1 ∪Q2)′′ embedds into B inside M .
Proof. Let U = {u1u2|ui ∈ U(Qi), i = 1, 2, u1Q2u∗1 = Q2} ⊂ U(Q). Then by the
assumptions that we made U is a group and U ′′ = Q.
(i) Since Qi ⊂εi B, i = 1, 2, we deduce that
||u1u2 −EB(u1)EB(u2)||2 ≤ ||u1(u2 −EB(u2))||2 + ||(u1 − EB(u1))EB(u2)||2
≤ ε1 + ε2, ∀u = u1u2 ∈ U ,
hence
||EB(u1u2)||2 ≥ 1− ε1 − ε2 = δ > 0, ∀u = u1u2 ∈ U .
Thus, condition (iii)′ in the previous theorem fails, hence (ii) holds true.
(ii) Let ω be a free ultrafilter on N and let N ⊂ Mω be the von Neumann algebra
generated by Bω and NM (B). The hypothesis then implies that Qωi ⊂εi N , i = 1, 2
and the same estimate as above gives that
||EN (U)||2 ≥ δ > 0, ∀U = (un)n, un ∈ U .
Assuming that no corner of Q can be embedded into B inside M , we can find
un ∈ U , n ≥ 1 such that
lim
n→∞
||EB(xun)||2 = 0, ∀x ∈M.
5If we denote U = (un)n, then U ⊥ xBω, ∀x ∈M, thus EN (U) = 0, a contradiction. 
The first part of the following result is a consequence of the proof of Proposition 12
in [OP]. We refer the reader to this paper for a proof.
Corollary 1.3 ([OP]). LetM be a II1 factor and N ⊂M a subfactor. Let B = N ′∩M
and assume that Q ⊂M is a von Neumann subalgebra such that a corner of it embedds
into B.
(i) If NM (Q)′′ and B are factors, then there exists t > 0, a decomposition B⊗N =
Bt⊗N1/t and u ∈ U(M) such that uQu∗ ⊂ Bt.
(ii) If Q and B are abelian and NM (Q)′′ is a factor, then there exists u ∈ U(M)
and a partition of unity 1 =
∑n
i=1 qi in N such that uQu
∗ ⊂
⊕n
i=1Bqi.
If B is a finite von Neumann algebra with a faithful normal trace τ and X is a
countable set, then we denote by
⊗
XB, the infinite tensor product ⊗x∈X(B)x with
its natural trace, ⊗x∈X(τ)x.
Definitions 1.4. Let (B, τ) be a finite von Neumann algebra and G be an infinite
discrete group acting on a countable set X . The action σ : G → Aut(
⊗
XB) given
by σ(g)(⊗(ax)x) = ⊗(ag−1x)x, for all g ∈ G and a = (ax)x ∈
⊗
XB , is called the
(B, τ)-Bernoulli (G y K)-action ([Po5]). The wreath product B ≀X G is then defined
to be the crossed product von Neumann algebra (
⊗
XB) ⋊σ G. Note that if H is a
countable discrete group, then L(H) ≀X G = L(H ≀X G), where H ≀X G is the wreath
product group HX ⋊G.
In the case X = G (endowed with the left action of G given by mutiplication), we
define the wreath product of B by G to be B ≀ G = (
⊗
GB) ⋊σ G and we call σ the
(B, τ)-Bernoulli G-action.
The next lemma gives control over the normalizers of certain subalgebras of
⊗
XB
inside B ≀X G. More generally, we consider product actions pi = σ × β : G →
Aut((
⊗
XB)⊗P ) given by pi(g) = σ(g) ⊗ β(g), for all g ∈ G, where σ is defined as
above and β : G→ Aut(P, τ) is an action on a finite von Neumann algebra (P, τ).
Lemma 1.5. Let M = [(
⊗
XB)⊗P ]⋊pi G and let Q be a diffuse von Neumann subal-
gebra of (
⊗
LB)⊗P , for some subset L of X. If no corner of Q embedds into P (e.g.
if P = C1), then
NM (Q) ⊂
∑
g∈K
[(
⊗
X
B)⊗P ]ug,
where K = {g ∈ G|∃x, y ∈ L, gx = y} and {ug}g∈G denote the canonical unitaries
implementing pi.
Proof. Let w =
∑
g agug ∈ NM (Q) and denote θ = Ad(w)|Q ∈ Aut(Q), thus
agpig(y) = θ(y)ag, ∀g ∈ G, ∀y ∈ Q.
6Now, let a = (⊗x∈Xax)⊗ u, b = (⊗x∈Xbx)⊗ v ∈ (
⊗
X B)⊗P , where ax, bx ∈ B, for
all x ∈ X , only finitely many different from 1, and u, v ∈ U(P ). We claim that for all
g ∈ G \K, there exists a′ ∈M , such that
||E
[(
⊗
LB)⊗P ]
(apig(y)b)||2 = ||EP (a
′y)||2, ∀y ∈ (
⊗
L
B)⊗P.
To see this, let g ∈ G\K (i.e. such that gL∩L = 0) and let {ξi|i ∈ I} ⊂ L
2(P ) be an
orthonormal basis. Write y ∈ (
⊗
LB)⊗P as y =
∑
i∈I yi⊗ξi, for some yi ∈ L
2(
⊗
LB).
Then there exists a′′, b′′ ∈
⊗
gLB and c ∈
⊗
X\gLB such that
apig(y)b =
∑
i∈I
a′′σg(yi)b
′′ ⊗ c⊗ uβg(ξi)v.
Thus,
||E
[(
⊗
LB)⊗P ]
(apig(y)b)||
2
2 =
∑
i∈I
|τ(c)|2|τ(a′′σg(yi)b
′′)|2 = ||EP (a
′y)||22,
where a′ = |τ(c)| σg−1(b
′′∗a′′).
Since no corner of Q embedds into P , we can apply Popa’s theorem (Theorem 1.1.)
to find yn ∈ U(Q), n ≥ 1 such that
lim
n→∞
||EP (a
′yn)||2 = 0, ∀a
′ ∈M.
Using the above claim and norm-||.||2 approximations we deduce that
lim
n→∞
||E
[(
⊗
LB)⊗P ]
(aσg(yn)b)||2 = 0, ∀g ∈ G \K, ∀a, b ∈ (
⊗
X
B)⊗P.
Combining this with the inequality
|τ(agσg(yn)ag
∗θ(yn
∗))| ≤ ||E
[(
⊗
LB)⊗P ]
(agσg(yn)a
∗
g)||2,
we get that limn→∞ |τ(agσg(yn)ag∗θ(yn∗))| = 0, for all g ∈ G \ K. On the other
hand, τ(agσg(y)ag
∗θ(y∗)) = τ(a∗gag), for all y ∈ U(Q), thus ag = 0, for all g ∈ G \K.
Corollary 1.6. Let N be a II1 factor, G be a countable discrete group and denote
M = N ≀ G. Suppose that Q ⊂ M is a von Neumann subalgebra such that NM (Q)′′
is a factor and that a corner of Q embedds into
⊗
LN , for some finite set L ⊂ G.
Then there exists u ∈ U(M) and L′, K ⊂ G finite such that uQu∗ ⊂
⊗
LN and
uNM (Q)
′′u∗ ⊂
∑
g∈K(
⊗
GN)ug. Moreover, if Q ⊂
⊗
LN , then we can take u = 1.
Proof. If we denote B =
⊗
LN , then both B and B
′ ∩M =
⊗
X\LN are factors.
Thus, since NM (Q)′′ is a factor, by part (i) of Corollary 1.3., we can find u ∈ U(M)
and t > 0 such that uQu∗ ⊂ (
⊗
LN)
t ⊂ (
⊗
LN)
t⊗(
⊗
X\LN)
1/t.
If we let g ∈ G \ L and denote L′ = L ∪ {g}, then since N is a factor we can
assume that uQu∗ ⊂ (
⊗
LN)
t⊗N
1/t
g =
⊗
L′N . Finally, Lemma 1.5. implies that
uNM (Q)′′u∗ ⊂
∑
g∈K(
⊗
GN)ug, where K = L
′L′
−1
.
72. Weakly malleable actions.
The notion of malleability (see the definition below) has been introduced and used
extensively by Popa in [Po2],[Po3],[Po5] and [Po6]. Examples of malleable actions
include both classical Bernoulli shift actions (i.e. of the form G y
⊗
GL
∞(X, µ),
where (X, µ) is a probability space) and non-commutative Bernoulli shift actions (i.e.
of the form G y
⊗
GR, where R is the hyperfinite II1 factor or a matrix algebra,
Mn(C), 2 ≤ n ≤ ∞).
If we consider Bernoulli shift actions with the base (N, τ) an arbitrary finite von
Neumann algebra, then such actions are not malleable in general. However, we can
prove that Bernoulli shift actions satisfy a weaker version of Popa’s malleability. In
the next two sections we will show how results on malleable actions (e.g. ”locating”
rigid subalgebras of the associated crossed products, calculating 1-cohomology) can be
extended to weakly malleable actions.
Definition 2.1. An action σ of a countable discrete group G on a finite von Neumann
algebra (N, τ) is called weakly malleable if there exists a finite von Neumann algebra
(N˜ , τ˜) containing N with τ˜|N = τ , an action σ˜ : G → Aut(N˜, τ˜) and a continuous
action θ : R→ Aut(N˜, τ˜) such that the following hold:
(1). σ˜(N) = N and σ˜|N = σ.
(2). [θt, σ˜(g)] = 0, ∀t ∈ R, ∀g ∈ G.
(3). There exists an orthonormal basis N˜ ⊂ N˜ of L2(N˜) such that if F˜ ⊂ N˜ is
finite, then there exists F ⊂ N , K ⊂ G finite sets such that for all x, y ∈ N, g ∈ G \K
and ξ, η ∈ F˜ we have that
|τ˜(θ1(y
∗)ξxσg(η
∗))| ≤
∑
η1,η2,ξ1,ξ2∈F
|τ(ξ1yσg(ξ2)||τ(η1xσg(η2))|.
(4). There exists A ⊂ N˜ a weakly dense ∗-algebra such that
lim
g→∞
sup
x∈L2(N),||x||2≤1
||EN ((a−EN (a))xσ˜g(b− EN (b)))||2 = 0, ∀a, b ∈ A.
Moreover, if σ is a mixing action, i.e.:
(5). limg→∞ τ(xσg(y)) = τ(x)τ(y), ∀x, y ∈ N,
then is called weakly malleable mixing.
Note that condition (3) is equivalent to the existence of a finite set F ⊂ N such that
τ(θ1(y
∗)ξxσg(η
∗)) = 0, ∀x, y ∈ N ⊖ Fσg(F ), ∀g ∈ G \K, ∀ξ, η ∈ F˜ .
8Using this observation it follows that if σi : G→ Aut(Ni, τi) are two weakly malleable
actions, then the product action σ : G → Aut(N1⊗N2, τ1 ⊗ τ2) given by σ(g) =
σ1(g)⊗ σ2(g), for all g ∈ G, is also weakly malleable. Also, remark that conditions (4)
and (5) imply that σ˜ is mixing.
Recall from [Po2] that an action σ of a discrete group G on a finite von Neumann
algebra N is called (tracial) malleable if there exists finite von Neumann algebra N˜
containing N an action σ˜ : G→ Aut(N˜, τ) and a continuous action θ : R→ Aut(N˜, τ)
such that conditions (1) and (2) hold true as well as the following:
(6). (NN˜ (N) ∩ θ1(N))
′′ = θ1(N).
(7). spwNθ1(N) = N˜ .
(8). τ(xθ1(y)) = τ(x)τ(y), ∀x, y ∈ N.
Proposition 2.2. Any (tracial) malleable mixing action is weakly malleable mixing.
Proof. Let σ : G → Aut(N ⊂ N˜) be a tracial malleable mixing action and let
θ : R → Aut(N˜) be the continuous action given by the definition of malleability. To
prove that is weakly-malleable, we need to show that conditions (3) and (4) are satisfied.
Let {ηn}n≥0 ⊂ N be an orthonormal basis for L2(N). Using condition (8), we get
that N = {θ1(ηm)ηn}m,n≥0 is an orthonormal family of N˜ . Also, it is immediate that
sp N is ||.||2 dense in sp θ1(N)N . Since by condition (7) sp
wθ1(N)N = N˜ , we derive
that sp N is weakly dense in N˜ .
This implies that N is an orthonormal basis for L2(N˜) and since ∀m,n, p, q ≥
0, ∀x, y ∈ N and ∀g ∈ G we have that:
τ(θ1(y
∗)θ1(ηm)ηnxσg(η
∗
qθ1(η
∗
p))) = τ(σg(η
∗
p)y
∗ηm)τ(ηnxσg(η
∗
q )),
it follows that condition (3) holds true.
To prove condition (4), let G = NN˜ (N)∩ θ1(N). Then A = sp GN ⊂ N˜ is a weakly
dense ∗-subalgebra. Remark that if u ∈ G, then by projecting onto N in the equality
Ad(u)(x)u = ux, ∀x ∈ N , we get that
τ(u)[Ad(u)(x)− x)] = 0, ∀x ∈ N.
Let a = ux, b = vy ∈ A with u, v ∈ G, x, y ∈ N . Then for all ξ ∈ L2(N) and for all
g ∈ G,
EN ((a− EN (a))ξσg(b− EN (b))) = EN ((ux− τ(u)x)ξσg(vy − τ(v)y)) =
τ(uσg(v))[Ad(u)(xξ)σg(y)]− τ(u)τ(v)[xξσg(y)] =
9[τ(uσg(v))− τ(u)τ(v)][Ad(u)(xξ)σg(y)].
Since σ is mixing we have that limg→∞ |τ(uσg(v))− τ(u)τ(v)| = 0. Combining this
with the inequality
||Ad(u)(xξ)σg(y)||2 ≤ ||x||||y||||ξ||2, ∀ξ ∈ L
2(N),
we conclude that limg→∞ supξ∈L2(N),||ξ||2=1 ||EN ((a − EN (a))ξσg(b − EN (b)))||2 = 0
for all a, b ∈ A of the above form. As such elements span A, the proof is complete. 
Proposition 2.3. Let G be a countable discrete group and let (B, τ) be a finite von
Neumann algebra. Then the Bernoulli shift action σ : G → Aut(
⊗
GB) is weakly
malleable mixing.
Proof. Define B˜ = B ∗ L(Z) and let u ∈ L(Z) be the canonical generating Haar
unitary. Let h = h∗ be a hermitian element such that u = exp(ih) and set ut =
exp(ith), for all t ∈ R. Let N =
⊗
GB, N˜ =
⊗
GB˜ and let σ˜ : G → Aut(N˜) be the
Bernoulli shift action, which clearly extends σ. Then θ : R→ Aut(N˜) given by
θt(⊗gag) = ⊗gAd(ut)(ag), ∀t ∈ R, ∀a = (ag)g ∈ N˜
defines a continuous action of R on N˜ which commutes with σ˜. Thus, to prove that σ
is weakly malleable, we only need to check conditions 3 and 4 in Definition 2.1, while
mixingness is a well-known property of Bernoulli shifts.
Through the Gram-Schmidt procedure we can produce B = {1 = η0, η1, ..} an
orthonormal for L2(B, τ) such that B ⊂ B and that sp B is a ∗-algebra (i.e. η∗i , ηiηj ∈
sp B, ∀i, j). Then an orthonormal basis for B˜ is given by
B˜ = {un1ηj1u
n2 ...ηjk |j1, .., jk−1, n2, .., nk ≥ 1, k ∈ N} = {η˜n}n≥0.
Also, we have that N = {ηI = ⊗gηig ||{g ∈ G|ig 6= 0}| < ∞}, and N˜ = {η˜I =
⊗g η˜ig ||{g ∈ G|ig 6= 0}| < ∞} are orthonormal basis for N and N˜ , respectively. For
a = ⊗gag ∈ N˜ , we define supp(a) = {g ∈ G|ag 6= 1} and if S is a finite collection of
such elements of N˜ , then we set supp(S) = ∪a∈S supp(a).
To prove that condition 3 in definition 2.1. holds true, let F˜ ⊂ N˜ be finite. Note that
since B∗ ⊂ sp B, we have that θ1(y∗)x, x∗θ1(y) ∈ sp N˜ , ∀x, y ∈ N . Thus, there exists
F ⊂ N finite such that if x, y ∈ N , η ∈ F˜ , then τ(θ1(y∗)xη∗) 6= 0 or τ(θ1(y∗)ηx) 6= 0
implies x, y ∈ F.
Let K ⊂ G be a finite set such that for all g ∈ G \ K, A = supp(F˜ ) and Bg =
supp(σg(F˜ )) are disjoint. Fix g ∈ G \K and set Cg = G \ (A ∪Bg). Given x, y ∈ N ,
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write x = xA ⊗ xBg ⊗ xCg and y = yA ⊗ yBg ⊗ yCg , where xD, yD ∈ N are supported
on D, for every set D ∈ {A,Bg, Cg}. Then, we have that
τ(θ1(y
∗))ξxσg(η
∗)) = τ(θ1(y
∗
Cg
)xCg )τ(θ1(y
∗
Bg
)xBgσg(η
∗))τ(θ1(y
∗
A)ξxA), ∀ξ, η ∈ F˜ .
Thus, if τ(θ1(y
∗))ξxσg(η
∗)) 6= 0, for some ξ, η ∈ F˜ , x, y ∈ N , then by using the freeness
and the above we deduce that
xCg = yCg = 1, xBg , yBg ∈ σg(F ), xA, yA ∈ F,
hence that x, y ∈ Fσg(F ).
Altogether, we have that
τ(θ1(y
∗)ξxσg(η
∗)) = 0,
∀g ∈ G \K, ∀ξ, η ∈ F˜ , ∀x, y ∈ (N ×N ) \ ((Fσg(F ))× (Fσg(F )),
which proves (3).
Finally, note that (4) is verified for A = sp N˜ (which is a ∗-algebra since sp B is),
since if a, b ∈ N˜ \ N then the supports of a and the σg(b) become disjoint, as g →∞,
hence aNσg(b) ⊥ N , for g outside a finite set. 
For the next lemma, assume the same context as in the proof of Proposition 2.3.
and define M = N ⋊σ G, M˜ = N˜ ⋊σ˜ G. Since [θt, σ˜g] = 0, for all t ∈ R and all g ∈ G,
we have that θt extends to an automorphism of M˜ (still denoted θt), which leaves
invariant M .
2.4 Lemma. Let P ⊂ M be a von Neumann subalgebra. Suppose that there exists
t > 0, a projection p ∈ P, a non-zero partial isometry v ∈ M˜ satisfying v∗v ≤ p and
θt(x)v = vx, for all x ∈ pPp. Then there exists g ∈ G, F ⊂ G finite and c > 0 such
that
||E
[
⊗
F B˜]
(θt(u)vu
∗
g)||2 ≥ c, ∀u ∈ U(pPp).
Proof. Write v =
∑
g∈G vgug, where vg ∈ N˜ and let g ∈ G be such that vg 6= 0. The
hypothesis implies that θt(x)vg = vgσg(x), ∀x ∈ pPp.
For ε > 0, let v′g ∈ N˜ such that F = supp(v
′
g) is finite and ||vg − v
′
g||2 ≤ ε. Thus,
||θt(x)v
′
g − v
′
gσg(x)||2 ≤ 2ε, ∀x ∈ (pPp)1.
Note that θt(x)v
′
g ∈ H = L
2([
⊗
G\F θt(B)]⊗[
⊗
F B˜]), for all x ∈ pPp. Hence, if we
denote by T the orthogonal projection onto H, then
||T (v′gσg(x))− v
′
gσg(x)||2 ≤ 4ε, ∀x ∈ (pPp)1.
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Now, observe that if x ∈ B, then Eθt(B)(x) = |τ(ut)|
2θt(x). Using this observation
it is easy to see that if ξ ∈ L2([
⊗
G\FB]⊗[
⊗
F B˜]), then
||T (ξ)||22 ≤ |τ(ut)|
4||ξ||22 + (1− |τ(ut)|
4)||E
[
⊗
F B˜]
(ξ)||22.
Applying this inequality to ξ = v′gσg(x) with x ∈ pPp and using the fact that
||T (v′gσg(x))||
2
2 ≥ ||v
′
gσg(x)||
2
2 − (4ε)
2, ∀x ∈ (pPp)1,
we further get that
(1− |τ(ut)|
4)||E[
⊗
F B˜]
(v′gσg(u))||
2
2 ≥ (1− |τ(ut)|
4)||v′gσg(u)||
2
2 − (4ε)
2 ≥
(1− |τ(ut)|
4)(||vg||2 − ε)
2 − (4ε)2, ∀u ∈ U(pPp).
If we choose ε sufficiently small, then we get that there exists c > 0 such that
||E
[
⊗
F B˜]
(vgσg(u))||2 ≥ c, ∀u ∈ U(pPp).
Finally, since
E
[
⊗
F B˜]
(vgσg(u)) = E[
⊗
F B˜]
(vuu∗g) = E[
⊗
F B˜]
(θt(u)vu
∗
g), ∀u ∈ U(pPp),
we are done. 
3. Relatively rigid subalgebras of wreath products
In this section we use the deformation properties of weakly malleable actions to
obtain conjugacy results for rigid subalgebras of the associated crossed products.
Notation 3.1. Throughout the next two sections, we fix a weakly malleable action
σ : G → Aut(N). Let N˜ ⊃ N and σ˜ : G → Aut(N˜), θ : R → Aut(N˜) be as in
Definition 2.1. DefineM = N⋊σG, M˜ = N˜⋊σ˜G and denote by {ug}g∈G the canonical
unitaries implementing the action of G on N˜ . Since the action θ : R → Aut(N˜ , τ)
commutes with σ˜, it extends to a continuous action θ : R → Aut(M˜, τ), given by
θt(
∑
g∈G xgug) =
∑
g∈G θt(xg)ug.
In the case N =
⊗
GB for some finite von Neumann algebra, (B, τ), and σ : G →
Aut(N) is the Bernoulli G-action we will consider the context from the proof of Propo-
sition 2.3. More precisely, we let N˜ =
⊗
G(B ∗ L(Z)), σ˜ : G→ Aut(N˜) be the natural
extension of σ and θt ∈ Aut(N˜) be given by θt = ⊗g∈G(Ad(ut))g, for all t ∈ R, where
ut = exp(t log(u)), with u ∈ L(Z) being the generating Haar unitary.
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We begin this section by proving a technical result about intertwiners in alge-
bras associated to weakly malleable actions. This result is analogous to Theorem
3.2 in [Po2], which deals with the same problem in the case of malleable actions.
The proof is based on the following principle from section 3 in [Po2] : assume that
Q ⊂ N ⊂M are finite von Neumann algebras such that there exists vn ∈ U(Q) satisfy-
ing limn→∞ ||EN(xvny)||2 = 0, for all x, y ∈M ⊖N . If x ∈M is so that Qx ⊂
∑
i xiN
for some xi ∈M , then x ∈ N .
Proposition 3.2. Suppose that Q ⊂ M is a von Neumann subalgebra such that no
corner of Q embedds into N inside M . If x ∈ M˜ satisfies Qx ⊂
∑
i xiM for some
xi ∈ M˜ , then x ∈M . In particular, Q′ ∩ M˜ ⊂M .
Proof. Since no corner of Q embbeds into N , we can find a sequence of unitaries
vn ∈ U(Q), n ≥ 1 such that
lim
n→∞
||EN(vnu
∗
g)||2 = 0, ∀g ∈ G.
We claim that
lim
n→∞
||EM(xvny)||2 = 0, ∀x, y ∈ M˜ ⊖M,
which by the discussion preceding this proposition, gives us the conclusion.
Now, let A ⊂ N˜ be the weakly dense ∗-subalgebra for which condition (3) in Defi-
nition 2.1. holds true. By Kaplansky’s density theorem it suffices to verify the above
claim for x and y of the form x = (a − EN (a))uh, y = (b − EN (b))uk, where a, b ∈ A
and h, k ∈ G. Set a′ = a− EN (a), b′ = b−EN (b) and
αg = sup
x∈L2(N),||x||2≤1
||σh−1(a
′)xσg(b
′)||2.
Since a, b ∈ A, condition (3) in Definition 2.1. gives that limg→∞ αg = 0.
Next, observe that EM (xvny) =
∑
g∈GEN (a
′σh(EN (vnu
∗
g))σhg(b
′))uhgk, thus
||EM (xvny)||
2
2 =
∑
g∈G
||σh−1(a
′)EN (vnu
∗
g)σg(b
′)||22 ≤
∑
g∈G
α2g||EN(vnu
∗
g)||
2
2 ≤ max
g∈L
α2g
∑
g∈L
||EN (vnu
∗
g)||
2
2 + sup
g∈G\L
α2g,
for every finite set L ⊂ G. Altogether, we get that limn→∞ ||EM(xvny)||2 = 0, for
every x, y as above, thus ending the proof. 
Recall that if (N, τ) is a finite von Neumann algebra, then a von Neumann subal-
geba Q ⊂ N is called relatively rigid if any deformation of idN by subunital, sub-
tracial, c.p. maps {φn}n converges uniformly to idN on the unit ball of Q, i.e.
limn→∞ supx∈(Q)1 ||φn(x)− x||2 = 0 ([Po1]).
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Theorem 3.3. Let σ : G → Aut(N) be a weakly malleable action and denote M =
N ⋊σ G. Assume that Q ⊂ M is a relatively rigid von Neumann subalgebra. Suppose
that
(i) P = NM (Q)′′ is a factor or that
(ii) σ is a Bernoulli shift action.
Then a corner of Q embbeds into N or into L(G).
The proof of this theorem is splitted into the following two lemmas. Before proceding
to the lemmas, we note that the proof of Theorem 3.3. can be easily adapted to show:
Theorem 3.3’. Let σ : G → Aut(N) be a weakly malleable action and α : G →
Aut(N ′) be an action. Denote M = (N⊗N ′) ⋊σ×α G and assume that Q ⊂ M is a
relatively rigid von Neumann subalgebra. Suppose that
(i) P = NM (Q)′′ is a factor or that
(ii) σ is a Bernoulli shift action.
Then a corner of Q embbeds into N⊗N ′ or into N ′ ⋊α G.
Lemma 3.4. Assuming the context of 3.1. and 3.3., then one of the following is true:
(a) There exists w ∈M,w 6= 0 such that θ1(x)w = wx, for all x ∈ Q.
(b) A corner of Q embedds into N .
Proof. Since Q ⊂ M is rigid, Q ⊂ M˜ is also rigid([Po1]). Thus, we can find
F ⊂ M˜ finite and δ > 0 such that if φ : M˜ → M˜ is a normal, subunital, c.p. map
with ||φ(x) − x||2 ≤ δ, for all x ∈ F , then ||φ(u) − u||2 ≤ 1/2, for all u ∈ U(Q). In
particular, since t → θt is a pointwise ||.||2-continuous action, we can find n ≥ 1 such
that ||θ1/2n(u)− u|| ≤ 1/2, ∀u ∈ U(Q).
Let v be the minimal ||.||2 element of K = co
w{θ1/2n(u)u
∗|u ∈ U(Q)}. Then, since
||θ1/2n(u)u
∗ − 1||2 ≤ 1/2, ∀u ∈ U(Q), we get that ||v − 1||2 ≤ 1/2, thus v 6= 0. Also,
since θ1/2n(u)Ku
∗ = K and ||θ1/2n(u)xu
∗||2 = ||x||2, for all u ∈ U(Q), we deduce, using
the uniqueness of v, that θ1/2n(u)v = vu, for all u ∈ U(Q).
Assume that (b) is false, i.e. no corner of Q embedds into N . We then claim that
since θ1/2n(u)v = vu, for all u ∈ U(Q), then we can find w ∈ M˜ a non-zero partial
isometry, such that θ1(u)w = wu, for all u ∈ U(Q), which proves (a). To show this
claim we treat separately the two cases.
(i) P is a factor. Since no corner of Q embedds into N , then, in particular, no corner
of P = NM (Q)′′ embedds into N . We can thus apply Proposition 3.1. to deduce that
P ′∩M˜ ⊂M . As by our assumption, P is a factor, or equivalently P ′∩M = C1, we get
that P ′ ∩ M˜ = C1. Now, by the proof of Theorem 4.1. in [Po2], steps 1-3, combined
with P ′ ∩ M˜ = C1 we get the claim in the case (i).
(ii) σ is a Bernoulli action. Let β be the automorphism of N˜ given by β|N = id|N
and β((u)g) = (u)
∗
g, for all g ∈ G. Then β commutes with σ˜ and thus it extends to
an automorphism of M˜ = N˜ ⋊σ˜ G. Moreover, β satisfies β
2 = id, βθtβ = θ−t, for all
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t ∈ R and M ⊂ M˜β . Finally, the same computations as in the proof of Proposition
3.3.in [IPP], which use only the fact that Q′∩M˜ ⊂M , quaranteed here by Proposition
3.2.(since no corner of Q embedds into N), give us the claim in this case. 
Lemma 3.5. Suppose that Q ⊂M = N ⋊σ G is a von Neumann subalgebra such that
θ1(x)w = wx, for all x ∈ Q, for some non-zero partial isometry w ∈M . Then a corner
of Q embedds into N or into L(G).
Proof. Let N˜ ⊂ N˜ be an orthonormal basis for which condition (4) in Definition 2.1.
holds. Then, let e ∈ S = S−1 ⊂ G finite, F˜ ⊂ N˜ finite and v =
∑
(ξ,k)∈F˜×S αξ,kξuk
such that ||v − w||2 ≤ ||w||2/3, where αξ,k ∈ C1. Then it follows easily that
|τ(θ1(u
∗)vuv∗)| ≥ ||w||22/5 > 0, ∀u ∈ U(Q).
Claim. There exists ai ∈ N, i = 1, n such that
|τ(θ1(u
∗)vuv∗)| ≤
∑
i,j
(||EN(aiuaj
∗)||22 + ||EL(G)(aiuaj
∗)||22), ∀u ∈ U(N).
Note that this claim combined with the above inequality gives that
||w||22/5 ≤
∑
i,j
(||EN (aiuaj
∗)||22 + ||EL(G)(aiuaj
∗)||22), ∀u ∈ U(N).
However, if no corner of Q could be embedded neither into L(G) nor into N , then by
Popa’s theorem (Theorem 1.1., see also [IPP]), given any a1, .., an ∈ M, ε > 0, we can
find u ∈ U(Q) such that ||EL(G)(aiua
∗
j )||2, ||EN(aiua
∗
j )||2 ≤ ε, ∀i, j, a contradiction.
To prove the claim, let u ∈ U(N) and write u =
∑
g∈G xgug, where xg = EN (xug
∗).
Then a direct computation shows that
τ(θ1(u
∗)vuv∗) =
∑
g∈G,(ξ,k),(η,l)∈F˜×S
αξ,kαη,lτ(θ1(xg
∗)ξσk(xk−1gl)σg(η
∗)).
By Definition 2.1.(4), we can find F ⊂ N,K ⊂ G finite sets such that for all x, y ∈
N, g ∈ G \K and ξ, η ∈ F˜ we have that
|τ(θ1(y
∗)ξxσg(η
∗))| ≤
∑
η1,η2,ξ1,ξ2∈F
|τ(ξ1yσg(ξ2)||τ(η1xσg(η2))|.
Thus, if we let C = max(ξ,k)∈F˜×S |αξ,k|
2, then
|τ(θ1(u
∗)vuv∗)| ≤ C
∑
g∈G\K,k,l∈S
∑
η1,η2,ξ1,ξ2∈F
|τ(ξ1xgσg(ξ2)||τ(η1σk(xk−1gl)σg(η2))|+
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C
∑
g∈K,(ξ,k),(η,l)∈F˜×S
|τ(θ1(xg
∗)ξσk(xk−1gl)σg(η
∗))|.
Next, we estimate the first term:
∑
g∈G\K,k,l∈S
∑
η1,η2,ξ1,ξ2∈F
|τ(ξ1xgσg(ξ2)||τ(η1σk(xk−1gl)σg(η2))| ≤
1/2
∑
g∈G,k,l∈S
∑
η1,η2,ξ1,ξ2∈F
(|τ(ξ1xgσg(ξ2)|
2 + |τ(η1σk(xk−1gl)σg(η2))|
2) =
1/2
∑
k,l∈S
(||EL(G)(ξ1uξ2)||
2
2 + ||EL(G)(σk−1(η1)uσl−1(η2))||
2
2.
Similarly, for the second term we have:
∑
g∈K,(ξ,k),(η,l)∈F˜×S
|τ(θ1(xg
∗)ξσk(xk−1gl)σg(η
∗))|
≤ 1/2max
ξ∈F˜
||ξ||2
∑
g∈K,k,l∈S
(||xg||
2
2 + ||xk−1gl||
2
2) =
1/2max
ξ∈F˜
||ξ||2
∑
g∈K,k,l∈S
(||EN(uug
∗)||22 + ||EN(uuk−1gl∗)||
2
2).
Altogether, we get:
|τ(θ1(u
∗)vuv∗)| ≤ C
∑
k,l∈S,ξ1,ξ2∈F
||EL(G)(σk(ξ1
∗)uσl(ξ2
∗))||22+
C|SKS|max
ξ∈F˜
||ξ||2
∑
g∈SKS
||EN(uug
∗)||22, ∀u ∈ U(N),
thus proving the claim.
Theorem 3.6. Let (B, τ) be a finite von Neumann algebra and let G be a countable
discrete group. Denote M = B ≀G and suppose that Q ⊂M is a relatively rigid diffuse
von Neumann subalgebra. Then either
(i) A corner of Q embedds into L(G). Moreover, in this case, if P = NM (Q)
′′ is a
factor, then we can find u ∈ U(M) such that uQu∗ ⊂ uPu∗ ⊂ L(G).
(ii) A corner of Q embedds into
⊗
LB, for some finite set L. Moreover, in this case,
if P = NM (Q)′′ and B are factors, then we can find L′, K ⊂ G finite and a unitary
u ∈M such that uQu∗ ⊂
⊗
L′B and uPu
∗ ⊂
∑
g∈K(
⊗
GB)ug.
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Proof. Following Theorem 3.3. we are in one of the following two cases:
(i) A corner of Q embedds into L(G).
If P is a factor, then since Bernoulli shift actions are properly outer and mixing,
Theorem 3.1. in [Po2] implies that there exists u ∈ U(M) such that uPu∗ ⊂ L(G).
(ii) A corner of Q embedds into
⊗
GB.
In this case we only need to show that the first assertion, i.e. that a corner of Q
embedds into
⊗
LB, for some finite set L ⊂ G. The second assertion will then follow
directly from Corollary 1.6.
Since a corner of Q embedds into
⊗
GB, we can find a von Neumann subalgebra
P ⊂
⊗
GB, projections q ∈ Q, p ∈ P , an isomorphism φ : pPp → qQq and a non-zero
partial isometry v such that vv∗ ≤ q and φ(x)v = vx, for all x ∈ pPp.
On the other hand, using the relative rigidity of Q as in the proof of Lemma 3.4. we
deduce that if wt is the minimal norm-||.||2 element of Kt = co
w{θt(u)u∗|u ∈ U(qQq)},
then limt→0 wt = q and θt(y)wt = wty, for all y ∈ qQq and t > 0. Since θt → id as
t → 0, we have that limt→0 θt(v∗)wtv = v∗qv = v∗v. In particular, we can find t > 0
such that θt(v
∗)wtv 6= 0. Moreover, we have that
θt(x)[θt(v
∗)wtv] = [θt(v
∗)wtv]x, ∀x ∈ pPp.
By Lemma 2.4., which applies since P ⊂
⊗
GB, we can find g ∈ G, F ⊂ G finite and
c > 0 such that
||E
[
⊗
F B˜]
(θt(uv
∗)wtvu
∗
g)||2 ≥ c, ∀u ∈ U(pPp).
Since uv∗ = v∗φ(u), for all u ∈ U(pPp), φ(U(pPp)) = U(qQq) and
⊗
F B˜ is invaried
by θt, the last inequality is equivalent to
||E
[
⊗
F B˜]
(v∗Uθ−t(wtv)u
∗
g)||2 ≥ c, ∀U ∈ U(qQq).
Using the fact thatQ ⊂M , this is easily seen to imply that we can find a1, a2, .., an ∈M
and L ⊂ G finite such that
∑
i,j
||E
[
⊗
LB]
(aiUa
∗
j )||2 ≥ c/2, ∀U ∈ U(qQq),
which by Popa’s theorem implies that a corner of Q embedds into
⊗
LB. 
Corollary 3.7. Let (B, τ) be a finite von Neumann algebra having Haagerup’s property
and let G be a countable discrete group. Denote M = B ≀G and assume that Q ⊂M is
a relatively rigid diffuse von Neumann subalgebra such that P = NM (Q)′′ is a factor.
Then there exists u ∈ U(M) such that uQu∗ ⊂ uPu∗ ⊂ L(G).
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Proof. By the last theorem we just have to show that no corner of Q can be embedded
into
⊗
LB for some finite set L ⊂ G. If we assume the contrary, then by Popa’s theorem
we can find q ∈ P(Q), p ∈ P(
⊗
LB), an isomorphism θ : qQq → p(
⊗
LB)p and a non-
zero partial isometry v ∈M such that θ(x)v = vx, for allx ∈ qQq and v∗v ≤ q.
Since B has Haagerup’s property, we can find unital, tracial compact c.p. maps
φn : B → B such that φn converges to idB pointwise. Then Φn : M → M defined
by Φn = ⊗g∈G(φn)g on
⊗
GB and by Φn(ug) = ug for g ∈ G, gives a deformation
of idM by unital, tracial, c.p. maps. Denote by TΦn : L
2M → L2M the induced
bounded operator. Then L2(
⊗
LB) is an invariant subspace for TΦn and Φn
|L2(
⊗
L
B)
is a compact operator.
Since Q ⊂M is rigid and Φn → idM pointwise, we can find N ∈ N such that
||Φn(x)− x||2 ≤
√
τ(q)/3,
for all x ∈ (qQq)1 and all n ≥ N . Also, since Φn → idM , by Corollary 1.1.2 in [Po1],
we get that
lim
n→∞
sup
x∈(qQq)1
||Φn(θ(x)v)− Φn(θ(x))v||2 = lim
n→∞
sup
x∈(qQq)1
||Φn(vx)− vΦn(x)||2 = 0.
Thus, using the equality θ(x)v = vx, for all x ∈ qQq, we can find n ≥ N such that for
all x ∈ (qQq)1 we have that
||Φn(θ(x))v − vΦn(x)||2 ≤
√
τ(q)/3.
Combining this with the inequality
||vΦn(u)||2 ≥ ||vu||2 − ||vΦn(u)− vu||2 ≥ ||v||2 − ||Φn(u)− u||2 ≥
√
τ(q)−
√
τ(q)/3 = 2
√
τ(q)/3, ∀u ∈ U(qQq),
we obtain that
||Φn(θ(u))v||2 ≥
√
τ(q)/3, ∀u ∈ U(qQq).
Now, using the fact that Q is diffuse we can find um ∈ U(qQq), m ≥ 1 such that um
converges weakly to 0, thus θ(um) converges weakly to 0. Since θ(um) ∈
⊗
LB and
TΦn |L2(
⊗
LB)
is compact, we deduce that limm→∞ ||Φn(θ(um))||2 = 0, which contra-
dicts the last inequality.
We end this section by mentioning that a more general version of the above result
holds true, with its proof following closely the arguments used above.
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Corollary 3.7’. Let (B, τ) be a finite von Neumann algebra having Haagerup’s prop-
erty and let G be a countable discrete group. Let β : G→ Aut(C) be an action of G on
a finite von Neumann and define α : G → Aut((
⊗
GB)⊗C) to be the product between
the (B, τ)-Bernoulli action and β. Denote M = [(
⊗
GB)⊗C] ⋊α G. If Q ⊂ M is a
relatively rigid von Neumann subalgebra such that NM (Q)′′ is a factor, then a corner
of Q embedds into C ⋊β G.
4. Applications
Theorem 4.1. Let G,H be two discrete countable ICC groups, let P and Q be two
weakly rigid II1 factors and denote M = P ≀ G, N = Q ≀ H. If θ : M → N t is an
isomorphism for some t > 0, then there exists u ∈ U(N) such that uθ(
⊗
GP )u =
(
⊗
HQ)
t.
Proof. Assume that P ≀G = (Q ≀H)t and denote by ug, vh the unitaries implementing
the actions of G and H, respectively. If Q0 ⊂ Q be a relatively rigid diffuse subalgebra
such that NQ(Q0)′′ = Q, then it is clear that (
⊗
HQ)
t ⊂ N(Q≀H)t(Q
t
0)
′′. Now, since Q
is a factor, we get that (
⊗
HQ)
′ ∩ (Q ≀ H) = C1, hence [(
⊗
HQ)
t]′ ∩ (Q ≀ H)t = C1.
Combining the last two conclusions we deduce that N(Q≀H)t(Q
t
0)
′′ is a factor. Thus, we
can apply Theorem 3.6. to the rigid inclusion Qt0 ⊂M = P ≀G, to get u ∈ U(M) and
K ⊂ G finite such that either (i) uN(Q≀H)t(Q
t
0)
′′u∗ ⊂ L(G) or (ii) uN(Q≀H)t(Q
t
0)
′′u∗ ⊂∑
g∈K(
⊗
GP )ug.
Next, we argue that (i) leads to a contradiction; if we assume (i) then Q˜ :=
u(
⊗
GQ)
tu∗ ⊂ L(G). Note that Q˜ is regular inM . On the other hand, since Q˜ ⊂ L(G),
Theorem 3.1. in [Po2] gives that NM (Q˜) ⊂ L(G), a contradiction.
Therefore, it follows that (ii) holds true, hence u(
⊗
HQ)
tu∗ ⊂
∑
g∈K(
⊗
GP )ug
for K ⊂ G finite. Similarly, we can find v ∈ U(M) and L ⊂ H finite such that
v(
⊗
GP )v
∗ ⊂
∑
h∈L(
⊗
HQ)
tvh. Thus, we get two
⊗
GP − (
⊗
HQ)
t Hilbert bimodules
H,K ⊂ L2(M), which are finite dimensional over
⊗
GP and over (
⊗
HQ)
t, respectively.
Finally, since G and H are ICC groups, Theorem 8.4. in [IPP] can be used to derive
the conclusion. 
In [Po5], using deformation/rigidity techniques, the 1-cohomology of Connes-Stormer
Bernoulli shifts is calculated. In particular, it is shown that 1-cocycles for the non-
commutative Bernoulli shift actions of a weakly rigid group are cohomologous to char-
acters. Inspired by the results and ideas in [Po5] we show that the same result holds
for Bernoulli action with arbitrary base.
Let σ be an action of a group G on a II1 factor N . Let p ∈ P(N) be a non-zero
projection and let w : G→ N be a map such that we = p and wg is a partial isometry
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with wgw
∗
g = p, w
∗
gwg = σg(p), for all g ∈ G. If wgh = wgσg(wh), for all g, h ∈ G then
w is called a generalized 1-cocycle for σ.
Proposition 4.2. Let σ : G → Aut(N) be a weakly malleable mixing action and
let w : G → N be a generalized 1-cocycle for σ. Suppose that G0 ⊂ G is an infinite
subgroup such that there exists a non-zero partial isometry v ∈ N˜ such that θ1(p)vp = v
and that θ1(wg)σg(v) = vwg, for all g ∈ G0. Then p = 1 and there exists u ∈ U(N),
γ : G0 → T a character such that wg = γguσg(u∗), for all g ∈ G0. Moreover, if G0
is normal in G, then wg = γguσg(u
∗), for all g ∈ G, for some unitary u ∈ N and a
character γ : G→ T.
Proof. We first claim that v ∈ H = sp θ1(N)N .
Proof of claim. Since H is a θ1(N)−N bimodule, the relation θ1(wg)σg(v) = vwg,
for all g ∈ G0 implies that
θ1(wg)σg(v − PH(v)) = (v − PH(v))wg, ∀g ∈ G0.
Denote v′ = v − PH(v), then θ1(p)v
′p = v′ and θ1(wg)σg(v
′) = v′wg, for all g ∈ G0.
Using these identities we get that
τ(θ1(wg
∗)v′wgσg(v
′∗)) = τ(v′
∗
v′), ∀g ∈ G0.
On the other hand, since σ is weakly malleable, we can find F ⊂ N,K ⊂ G finite sets
and c > 0 such that for all x, y ∈ N , g ∈ G \K we have that:
|τ(θ1(y
∗)v′xσg(v
′∗))| ≤ ||v′||22/2 + c max
x,y∈Fσg(F )
|τ(θ1(y
∗)v′xσg(v
′∗))|.
Thus, it follows that
max
x,y∈Fσg(F )
|τ(θ1(y
∗)v′xσg(v
′∗))| ≥ ||v′||22/(2c), ∀g ∈ G0 \K.
Now, if x1, x2, y1, y2 ∈ F and g ∈ G, then
τ(θ1((y1σg(y2))
∗)v′(x1σg(x2))σg(v
′∗)) = τ((θ1(y1
∗)v′x1)σg(x1v
′∗θ1(y2
∗))).
Since v′ ⊥ H, we get in particular that τ(θ1(y∗)v′x) = 0, for all x, y ∈ F . Combining
this with the fact that σ is mixing we derive that
lim
g→∞
τ((θ1(y1
∗)v′x1)σg(x1v
′∗θ1(y2
∗))) = 0.
This further implies that limg→∞maxx,y∈Fσg(F ) |τ(θ1(y
∗)v′xσg(v
′∗))| = 0, hence v′ =
0, proving that v ∈ H.
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In the second part of the proof we use an argument due to Popa to show that p = 1
and that w|G0 is cohomlogous to a character. Recall from Proposition 3.4. in [Po5],
that
σwg (ξ) = wgσg(ξ), ∀ξ ∈ L
2(pN)
gives a unitary representation of G on L2(pN). Also, if we denote by HS the Hilbert
space of Hilbert-Schmidt operators on L2(pN), then
σ˜wg (X) = σ
w
g Xσ
w
g
∗, ∀X ∈ HS
gives a unitary representation of G on HS.
Note that the claim implies that v lies in the Hilbert space K = sp [θ1(pN)(Np)]
and satisfies θ1(wg)vw
∗
g = v, for all g ∈ G0. Next we identify K with HS in the natural
way, by letting T (θ1(x)y) = Lx,y, where Lx,y ∈ HS is given by Lx,y(ξ) =< ξ, y
∗ > x,
for all x ∈ pN, y ∈ Np and ξ ∈ L2(pN). Since
< θ1(x)y, θ1(x
′)y′ >= τ(x′
∗
x)τ(yy′
∗
) = Tr(L∗x′,y′Lx,y), ∀x, x
′ ∈ pN, ∀y, y′ ∈ Np,
it is immediate that T extends to a unitary T : (K, <>τ )→ (HS, <>Tr).
Moreover, if ξ ∈ K and g ∈ G, then T (θ1(wg)σg(ξ)w∗g) = σ˜
w
g (T (ξ)). Indeed, if
x ∈ pN, y ∈ Np, then it is easy to check that
σ˜wg (T (θ1(x)y))) = σ˜
w
g (Lx,y) = Lwgσg(x),σg(y)w∗g =
T (θ1(wg)σg(θ1(x)y)w
∗
g).
Using the last equality, we deduce that T (v) ∈ HS is a fixed vector for the representa-
tion σ˜w|G0 . Proposition 3.4. in [Po5] then implies that there exists a finite dimensional
Hilbert space H0 ⊂ pN which is invariant to σ
w
|G0
. Moreover, the finite dimensional
vector space H1 = sp H∗0H0 is invariant under σ|G0 .
Since σ is a mixing action and G0 is infinite, σ|G0 is weakly mixing, therefore we
must have that H1 = C1. In particular, if ξ ∈ H0 satisfies ||ξ||2 = 1, then ξ
∗ξ = 1, i.e.
ξ is a unitary. Thus, ξ is a unitary whose left support lies under p, hence p = 1. Also,
since ξ is a unitary and ξ∗H0 ⊂ H1 = C1, we must have that H0 = Cξ. This implies
that there exists a character γ : G0 → T such that σwg (ξ) = wgσg(ξ) = γ(g)ξ, for all
g ∈ G0.
Thus, wg = γ(g)ξσg(ξ
∗), for all g ∈ G0. If G0 is normal in G, then using the
mixingness of σ it is immediate that ξ∗wgσg(ξ) ∈ C1, for all g ∈ G, which proves the
conclusion. 
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Corollary 4.3. Let (B, τ) be a finite von Neumann algebra, G a countable discrete
group and σ : G → Aut(
⊗
GB) be the associated Bernoulli shift action. Let w : G →⊗
GB be a generalized 1-cocycle.
(i) If G contains an infinite relatively rigid subgroup, then p = 1.
(ii) If G contains an infinite normal relatively rigid subgroup, then H1(σ;G) =
Char(G).
Proof. Denote M = B ≀G. By the hypothesis there exists G0 ⊂ G infinite subgroup
such that the pair (G,G0) has relative property (T). Then L(G0) ⊂ L(G) is a rigid
inclusion ([Po1]), thus Q = {wgug|g ∈ G0}′′ ⊂ {wgug|g ∈ G}′′ is a rigid inclusion.
This implies that Q ⊂ pMp is a rigid subalgebra and by applying Lemma 3.4.
(although Q is not unital we can still apply Lemma 3.4. by working with suitable
amplifications) we get that either there exists v ∈ M, v 6= 0 such that θ1(p)vp =
v and θ1(x)v = vx, for all x ∈ Q or a corner of Q embedds into
⊗
GB. Since
limg→∞ ||E⊗
GB
(awgugb)||2 = 0, for all a, b ∈ M˜ , we get that condition (iii) in Theo-
rem 1.1. holds true, thus no corner of Q embedds into
⊗
GB.
Thus θ1(x)v = vx, for all x ∈ Q, which for x = wgug, g ∈ G0, gives that θ1(wg)σg(p) =
pwg, for all g ∈ G0. We can now apply Proposition 4.2. to finish the proof.
Corollary 4.4. Let G be a group having an infinite relatively rigid subgroup and N be
a weakly rigid II1 factor. Then F(N ≀G) = {1}.
Proof. Denote N˜ =
⊗
GN andM = N ≀G. Let p ∈ P(N˜) and let α :M → pMp ⊂M
be an isomorphism. Using Theorem 4.1. we can assume that α(N˜) = pN˜p. This further
implies that we can find partial isometries wg ∈M such that wgw∗g = p, w
∗
gwg = σg(p)
and that α(ug) = wgug, for all g ∈ G. Note that the relation α(ugh) = α(ug)α(uh), for
all g, h ∈ G implies that wg is a generalized 1-cocycle.
Since G contains an infinite relatively rigid subgroup, by Corollary 4.3. we have
that the support p of w must equal 1, thus F(N ≀G) = {1}. 
4.5. Free products. Let (B, τ) be a finite von Neumann algebra and G be a countable
discrete group. Define N = ∗g∈GB to be the free product of infinitely many copies of
B indexed by G. Then, similarly to Proposition 2.3., it follows that the free Bernoulli
action σ : G→ Aut(N) given by σg(∗hxh) = ∗hxg−1h, for all g ∈ G is weakly malleable
mixing. Using an argument paralleling the proof of Theorem 3.6., we can prove that if
Q ⊂ N ⋊σ G is a relatively rigid subalgebra whose normalizer generates a factor, then
we can unitarily conjugate Q into L(G) or into ∗FB, for some finite set F ⊂ G.
Let G1, G2 be two countable discrete groups. We claim that if Q ⊂M = L(G1 ∗G2)
is a relatively rigid diffuse subalgebra such that NM (Q)
′′ is a factor, then there exists
u ∈ U(M) and i ∈ {1, 2} such that uQu∗ ⊂ L(Gi) (equivalently, by [IPP], a corner of
Q embedds into L(Gi)). Note that this reproves a particular case of Theorem 4.3. in
[IPP].
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Let Q ⊂M be as above and assume that no corner of Q embedds into L(Gi), i = 1, 2.
Note thatM decomposes in two ways as a crossed product coming from a free Bernoulli
action:
M = [∗g1∈G1(ug1L(G2)u
∗
g1
)]⋊G1 = [∗g2∈G2(ug2L(G1)u
∗
g2
)]⋊G2.
This implies, using the above discussion, that we can find ui ∈ U(M) and Fi ⊂ Gi finite,
for all i ∈ {1, 2}, such that uiQu
∗
i ⊂ ∗gj∈Fj (ugjL(Gi)u
∗
gj ), whenever {i, j} = {1, 2}.
Further we get that there exists Ki ⊂ Gi finite and n ≥ 1 such that
(Q)1 ⊂1/3 Hi = L
2(
∑
gj,1,gj,2,..,gj,n∈Kj
ugj,1L(Gi)ugj,2 ...L(Gi)ugj,n), ∀{i, j} = {1, 2}.
In other words, if Pi denotes the orthogonal projection onto Hi, then
||x− Pi(x)||2 ≤ 1/3, ∀x ∈ (Q)1.
Thus,
||x− P1P2(x)||2 ≤ 2/3, ∀x ∈ (Q)1,
which leads to a contradiction as P1P2 is the orthogonal projection onto a finite di-
mensional Hilbert space, while Q is a diffuse von Neumann algebra.
5. Central sequences in wreath products.
In connection with Connes’ χ(M) invariant, the following question has been studied
in [Jo1] and [HJ]: given a crossed product M = N ⋊σ G, with M,N finite von Neu-
mann algebras, under what conditions are all central sequences of M assimptotically
contained in N? Note that if ω is a free ultrafilter on N, then this is equivalent to
M ′∩Mω ⊂ Nω. If G is a non-inner amenable group, then the following stronger result
holds true: L(G)′ ∩Mω ⊂ Nω ([HJ]).
In [Jo1], Jones showed thatM ′∩Mω ⊂ Nω if we assume thatN is a full II1 factor(i.e.
has no non-trivial central sequences) and that ε(G) ⊂ Out(N) is discrete w.r.t. the
topology given by pointwise ||.||2 convergence. To prove this, it is first shown that
G ⊂ Aut(N) satisfies:
Condition 5.1. There exist u1, u2..un ∈ U(N) and C > 0 such that
n∑
i=1
||ξσg(ui)− uiξ||
2
2 ≥ C||ξ||
2
2, ∀g ∈ G \ {e}, ∀ξ ∈ L
2(N).
Below we will also consider this condition for a set (not necessarily group) of auto-
morphisms of N . In turn, (5.1.) easily implies the following:
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Proposition 5.2 ([Jo1]). Let (N, τN ), (P, τP ) be two finite von Neumann algebras, let
G be a countable, discrete group and α : G → Aut(N, τN ), β : G → Aut(P, τP ) be two
actions. Denote by σ : G → Aut(N⊗P, τN × τP ) the diagonal product action and let
M = (N⊗P )⋊σG. If α(G\{e}) ⊂ Aut(N, τ) satisfies (5.1.), then N
′∩Mω ⊂ (N⊗P )
ω
.
Proof. Let u1, .., un ∈ U(N) and C > 0 such that (5.1.) is satisfied. If {ξj|j ∈ J}
is an orthonormal basis for L2(P ), then any x ∈ M ⊂ L2(M) can be written as
x =
∑
j∈J,g∈G(xj,g ⊗ ξj)ug, for some xj,g ∈ L
2(N). Using condition (5.1.) we get that
n∑
i=1
||[x, ui]||
2
2 =
n∑
i=1
||
∑
j∈J,g∈G
[(uixj,g − xj,gαg(ui))⊗ ξj]ug||
2
2 =
n∑
i=1
∑
j∈J,g∈G
||uixj,g − xj,gαg(ui)||
2
2 =
∑
j∈J,g∈G
n∑
i=1
||uixj,g − xj,gαg(ui)||
2
2 ≥
C
∑
j∈J,g∈G\{e}
||xj,g||
2
2 = C||x−EN⊗P (x)||
2
2, ∀x ∈M,
thus the conclusion holds true. 
Next, we obseve that Bernoulli shift actions with non-amenable basis verify condition
5.1.
Proposition 5.3. Let P be a non-hyperfinite II1-factor and denote N =
⊗
N
P . For
a permutation pi ∈ S(N), denote by θpi the corresponding automorphism of N .
Then for all n ∈ N, Sn = {θpi|pi ∈ S(N), ∃i ∈ {1, 2.., n}, pi(i) 6= i} ⊂ Aut(N) satisfies
condition (5.1.).
Proof. Recall that by Connes’ characterization of hyperfiniteness ([Co1]), a II1
factor P is non-hyperfinite iff there exists u1, u2, .., un ∈ U(P ) and C > 0 such that
n∑
i=1
||uiξ − ξui||
2
2 ≥ C||ξ||
2
2, ∀ξ ∈ H = L
2(P )⊗L2(P ),
where H is endowed with the natural P − P bimodule structure, given by a(x⊗ y)b =
(ax)⊗ (yb), for all a, b ∈ P, x, y ∈ L2(P ).
Note that is it sufficient to prove the case n = 0. Let pi ∈ S0, then k = pi(0) 6= 0.
Let {ηj}j∈J ⊂
⊗
N\{0,k}P be an orthonormal basis and identify (L
2(P ))0⊗(L2(P ))k
with H. Then any element ξ ∈ L2(N) can be written as ξ = Σjxj ⊗ ηj , where xj ∈ H.
Thus
n∑
i=1
||ξθpi(ui)− ξui||
2
2 =
n∑
i=1
||
∑
j∈J
(xjui − uixj)⊗ ηj ||
2
2 =
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∑
i,j
||xjui − uixj ||
2
2 =
∑
j∈J
(
n∑
i=1
||xjui − uixj ||
2
2) ≥
C
∑
j∈J
||xj ||
2
2 = C||ξ||
2
2, ∀pi ∈ S0, ∀ξ ∈ L
2(N).

If H is a non-amenable group then the left-right representation of H on l2(H ×H)
has no almost invariant vectors, hence the previous proposition can be proved for
P = L(H) without making use of Connes’ powerful result.
Corollary 5.4. Let P be a non-hyperfinite II1 factor, G be a countable discrete group
and denote M = P ≀G. Then P ′ ∩Mω ⊂ (
⊗
GP )
ω, thus, M ′ ∩Mω ⊂ (
⊗
GP )
ω.
6. Constructing central sequences via Ornstein-Weiss
In the previous section we have shown that if N is a non-amenable II1 factor then
for every countable discrete group G, central sequences in N ≀G have to assimptoticaly
lie in
⊗
GN . On the other hand, if G is amenable, then we can use Ornstein-Weiss’
Rokhlin’s lemma to produce many sequences in
⊗
GN , which are central in N ≀ G.
Using this, we will able to recover the core
⊗
GN .
Recall the following consequence of Ornstein-Weiss’ Rokhlin lemma:
Theorem 6.1.([OW]). Let G be an amenable group acting on standard probability
space (X, µ) by measure preserving transformations. Then for all ε > 0 and F ⊂ G
finite, we can find K1, .., Kn finite (F, ε)−invaried subsets of G (i.e. |Ki∆gKi| ≤ ε|Ki|,
for all g ∈ F, i = 1, .., n) and measurable sets B1, .., Bn ⊂ X such that
(i){KiBi|1 ≤ i ≤ n} are disjoint,
(ii){tBi|t ∈ Ki} are disjoint, 1 ≤ i ≤ n.
(iii)µ(∪KiBi) > 1− ε.
Theorem 6.2. Let N be a II1 factor, G be an infinite amenable group and denote
M = N ≀ G. Let M˜ ⊃ M be a II1 factor such that M and (
⊗
GN)
′ ∩ M˜ generate M˜
(e.g. if M˜ =M). Assume that Q ⊂ M˜ is a regular von Neumann subalgebra such that
M˜ ′ ∩ M˜ω ⊂ Qω. Then a corner of
⊗
GN can be embedded into Q inside M˜ .
Proof. Using the hypothesis we deduce that for all ε > 0, there exists δ = δ(ε) > 0
and F = F (ε) ⊂ G finite such that if U ∈ (M˜)1 satisfies
U ∈δ
⊗
G\F
N, ||σg(U)− U ||2 ≤ δ, ∀g ∈ F,
then
||U − EQ(U)||2 ≤ ε.
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Fix 1 > ε > 0 and let δ, F be defined as above. If A ⊂ N is a MASA, then G acts
on
⊗
GA. By applying the previous theorem to this action we obtain that there exists
projections pi ∈ P(
⊗
GA) and (F, δ
2/4)-invaried subsets K1, .., Kn of G such that the
projections {σki(pi)}i=1,n,ki∈Ki are mutually disjoint and satisfy
1− ε+ ε2 ≤ τ(
n∑
i=1
∑
ki∈Ki
σki(pi)) =
n∑
i=1
|Ki|τ(qi) ≤ 1.
Next, we can find a finite setK ⊂ G such that pi ∈δτ(pi)/2
⊗
KA, for all i = 1, n. Let
g ∈ G\(K−1(∪Ki)−1F ) and denote by ρ the right Bernoulli shift action of G on
⊗
GN .
If we set qi = ρg(pi), then σki(qi) ∈δτ(qi)
⊗
KiKh
N ⊂
⊗
G\FN and {σki(qi)}i=1,n,ki∈Ki
is an (ε− ε2)- almost partition of unity, in the same sense as above.
Now, let u ∈ U(
⊗
G\[(∪Ki)−1F ]
N) and set U =
∑n
i=1
∑
ki∈Ki
σki(qiuqi). Using the
fact that |Ki∆gKi|/|Ki| ≤ δ2/4, for all i = 1, n, and all g ∈ F , we have the following
estimates:
||σg(U)− U ||
2
2 ≤ 4||
n∑
i=1
∑
ki∈Ki\gKi
σki(qiuqi)||
2
2 ≤
4
n∑
i=1
|Ki \ gKi|τ(qi) ≤ 4 max
i=1,n
(|Ki \ gKi|/|Ki|)
n∑
i=1
|Ki|τ(qi) ≤
4(δ2/4) = δ2, ∀g ∈ F.
Since σki(qi) ∈δτ(qi)/2
⊗
G\FN, for all i = 1, n, and all ki ∈ Ki, we get that
U ∈∑n
i=1
∑
ki∈Ki
δτ(qi)
⊗
G\F
N,
hence that U ∈δ
⊗
G\FN . Thus, we must have that ||EQ(U)−U ||2 ≤ ε,or , equivalently,
that
Fact 1. If V = (∪Ki)−1F , then ∀u ∈ U(
⊗
G\VN) we have that
||EQ(
n∑
i=1
∑
ki∈Ki
σki(qiuqi))−
n∑
i=1
∑
ki∈Ki
σki(qiuqi)||2 ≤ ε.
Since limWրG supu∈U(
⊗
G\WN)
||[u, q]||2 = 0, for all q ∈
⊗
GN, we deduce that there
exists W ⊃ V finite such that
||
n∑
i=1
∑
ki∈Ki
σki(qiuqi)||
2
2 ≥
n∑
i=1
∑
ki∈Ki
τ(qi)− ε ≥ (1− ε)
2, ∀u ∈ U(
⊗
G\W
N).
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Let {vi|i = 1, m} = {Ukiqi|i = 1, n, ki ∈ Ki}, where we denote by {Ug|g ∈ G} ⊂ U(M)
the canonical unitaries implementing the action of G on
⊗
GN . Then the last inequality
implies: for all ε > 0, there existsW (ε) ⊂ G finite, m = m(ε) ∈ N and {vi}i=1,m partial
isometries with mutually orthogonal supports such that
||EQ(
m∑
i=1
viuvi
∗)||2 ≥ 1− 2ε, ∀u ∈ U(
⊗
G\W (ε)
N).
Let {ηl}l≥0 be an orthonormal basis of M over Q and for all l ≥ 0, denote by Pl the
orthogonal projection onto L2(
∑l
i=1Qηi).
Fact 2. For all ε > 0, there exists l(ε) such that
⊗
G\W (ε)
N ⊂3ε
l(ε)∑
i=0
Qηi.
To prove this, first note that since Q ⊂ M˜ is regular, we can find l(ε) such that
||EQ(
m∑
i=1
viuvi
∗)−EQ(
m∑
i=1
viPl(ε)(u)vi
∗)||2 ≤ ε, ∀u ∈ U(M).
By combining this with the above, we get that
||EQ(
m∑
i=1
viPl(ε)(u)vi
∗)||2 ≥ 1− 3ε, ∀u ∈ U(
⊗
G\W (ε)
N).
On the other hand, we have
||EQ(
m∑
i=1
viPl(ε)(u)vi
∗)||2 ≤ ||
m∑
i=1
viPl(ε)(u)vi
∗||2 ≤ ||Pl(ε)(u)||2, ∀u ∈M,
which entails
||Pl(ε)(u)||2 ≥ 1− 3ε, ∀u ∈ U(
⊗
G\W (ε)
N).
Fact 3. For all ε > 0, there exists k(ε) ≥ l(ε) such that
⊗
W (ε)
N ⊂4ε
k(ε)∑
n=1
Qηi.
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This fact is trivial since we can find g ∈ G such that W (ε)g−1 ⊂ G\W (ε) and thus,
by fact 2,
⊗
W (ε)
N ⊂3ε (
l(ε)∑
i=1
Qηi)Ug.
Finally, note that by the last two facts
(
⊗
G\W (ε)
N), (
⊗
W (ε)
N) ⊂4ε
k(ε)∑
i=1
Qηi, ∀ε > 0.
If ε < 1/8, then 4ε + 4ε < 1, hence we can apply Corollary 1.2.(ii) to deduce that a
corner of
⊗
GN embedds into Q. 
Theorem 6.3. Let G,H be two ICC groups, one of them being amenable, let P and
Q be two non-hyperfinite II1 factors and denote M = P ≀G, N = Q ≀H. If θ :M → N
is an isomorphism, then there exists u ∈ U(N) such that uθ(
⊗
GP )u
∗ =
⊗
HQ. In
particular, G ≃ H.
Proof. After identification via θ we may assume thatM = N . SinceM (respectively
N) has non-trivial central sequences iff G (respectively H) is amenable, we deduce that
both groups are amenable. Since P and Q are non-hyperfinite, we can apply Corollary
2.4. to deduce that M ′ ∩Mω ⊂ (
⊗
GP )
ω
and that M ′ ∩Mω ⊂ (
⊗
HQ)
ω
.
Using these inclusions and the fact that both
⊗
GP and
⊗
HQ are regular subfactors
of M , we can apply Theorem 6.2. to get two
⊗
GP −
⊗
HQ Hilbert bimodules H,K ⊂
L2(M), which are finite dimensional over
⊗
GP and over
⊗
HQ, respectively.
Since G and H are ICC groups, we can use Theorem 8.4. in [IPP] to get the
conclusion. 
For a finite factor M , we denote by σM the Bernoulli shift action of G on
⊗
GM ; for
a cocycle action σ of G on a II1 factor M and for t > 0, we denote by σ
t the induced
cocycle action of G on M t. If two cocycle actions α and β are cocycle conjugate,
then we write α ∼ β. Also, for two actions α,β of the same group G on M and N ,
respectively, we denote by α⊗ β the diagonal product action of G on M⊗N .
Proposition 6.4. Let N be a type II1 factor and let G be an∞ amenable group. Then
(i) F(N ≀G) = R∗+.
(ii) (
⊗
GN ⊂ N ≀G) ≃ (
⊗
G(N⊗R) ⊂ (N⊗R) ≀G), for all t > 0.
Proof. Recall that by a result of Ocneanu ([Oc]) any two cocycle actions of an
amenable G group on the hyperfinite II1 factor R are cocycle conjugate. Thus, if
α, β : G → Aut(R) are cocycle actions and σ : G → Aut(M) is an action on a von
Neumann algebra M , then the cocycle actions α ⊗ σ and β ⊗ σ on R⊗M are cocycle
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conjugate. Also, note that if α, β are two cocycle actions of the same group G, then
(α⊗ β)t ∼ αt ⊗ β.
If N is a II1 factor, then by combining the above statements we get that σNt =
(σN1/2⊗σM2(C))
t ∼ (σN1/2⊗σR)
t ∼ σN1/2⊗σ
t
R ∼ σN1/2⊗σR ∼ σN , hence, in particular,
F(N ≀ G) = R∗+. The second claim follows in a similar way: σN ∼ σN1/2 ⊗ σM2(C) ∼
σN1/2 ⊗ σR ∼ σN1/2⊗R ∼ σN⊗R. 
Since a result of Dykema-Radulescu gives that for all m,n ≥ 2, there exists t > 0
such that L(Fm)
t ≃ L(Fn), by using the previous two results we get the following:
Corollary 6.5. If 2 ≤ m,n < ∞ and G,H are two ∞ ICC amenable groups, then
L(Fm ≀G) ≃ L(Fn ≀H) iff G ≃ H.
References
[Co1] A.Connes: Classification of injective factors, Ann. of Math., 104 (1976), 73-115.
[Co2] A. Connes: Sur la classification des facteurs de type II, C. R. Acad. Sci. Paris Sr.I
Math. 281 (1975), A13A15.
[HJ] R.H. Herman, V.F.R Jones, Central sequences in crossed products. Operator alge-
bras and mathematical physics (Iowa City, Iowa, 1985), 539–544, Contemp. Math.,
62, Amer. Math. Soc., Providence, RI, 1987.
[Jo1] V.F.R. Jones: Central sequences in crossed products of full factors, Duke Math. J.
49, no. 1 (1982), 2933
[Jo2] V.F.R. Jones: Notes on Connes’ invariant χ(M), unpublished.
[IPP] A. Ioana, J. Peterson, S. Popa: Amalgamated Free Products of w-Rigid Factors and
Calculation of their Symmetry Groups, math.OA/0505589 , Preprint 2005.
[MV] F. Martin, A. Valette: On the first Lp-cohomology of discrete groups
[Oc] A. Ocneanu: Actions of discrete amenable groups on von Neumann algebras, Lecture
Notes in Mathematics, 1138, Springer Verlag, Berlin, 1985.
[OW] D. Ornstein, B.Weiss: Ergodic theory of amenable groups. I. The Rokhlin lemma.,
Bull. Amer. Math. Soc. (N.S.) 1 (1980), 161-164.
[OP] N. Ozawa, S. Popa: Some prime factorization results for type II1 factors, Invent.
Math., 156 (2004), 223-234.
[Po1] S. Popa: On a class of type II1 factors with Betti numbers invariants, math. OA/0209130,
to appear in Annals of Math.
[Po2] S. Popa: Strong rigidity of II1 factors arising from malleable actions of w-rigid
groups, Part I, math.OA/0305306, Preprint 2003, to appear in Invent. Math.
[Po3] S. Popa: Strong rigidity of II1 factors arising from malleable actions of w-rigid
groups, Part II, math.OA/0407103, Preprint 2004, to appear in Invent. Math.
[Po4] S. Popa: A unique decomposition result for HT factors with torsion free core, math.OA/0401138,
Preprint 2004.
[Po5] S. Popa: Some rigidity results for non-commutative Bernoulii shifts, Journal of
Functional Analysis 230 (2005), 1-56.
29
[Po6] S. Popa: Cocycle and orbit equivalence superrigidity for Bernoulli actions of Kazh-
dan groups
[Va] S. Vaes: Rigidity results for Bernoulli actions and their von Neumann algebras
Math Dept UCLA, Los Angeles, CA 90095-155505
E-mail address: adiioana@math.ucla.edu
